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A .  V.  L y k o v  

T H E  T H E O R Y  O F  H E A T  C O N D U C T I O N *  

Reviewed by A .  G .  T e m k i n  

The fundamental significance of the analytical theory of heat conduction for the entire study of heat 
and mass  t ransfer  lies in the fact that it provides  mathematical  methods for the solution of problems dea l -  
ing with the t ranspor t  of energy and mat te r .  Its general  scientific value was highly regarded by Engels who 
r e f e r r ed  to F o u r i e r ' s  c lass ica l  work as a "mathematical  poem,"  which became the basis of and the example 
for  numerous  r e s e a r c h  pro jec ts  in the most  varied branches of natural science and technology. 

The effect of the analytical  approach has been noticeably strengthened in recent  t imes as a resul t  
of the development of analog techniques and computers .  It is difficult to conceive of a more  convenient and 
c l ea r  methodological approar', for the training of students in the setting up of differential equations and 
boundary conditions or conditions of singularity,  corresponding to the most  diverse technological p r o c e s s e s  
of modern  industry.  This r e fe r s  not only to the traditional heat-engineer ing problems of energy-convers ion  
machinery ,  construction,  the manufacture of chemicals  and cryogenics ,  rocket  and atomic engineering,  
but also to industries concerned with organic synthesis ,  medicine,  and biophysics,  where the equations of 
t ranspor t  and conservat ion offer ra ther  exact descript ions of the concentrat ions of bacter ia ,  v i ruses ,  and 
medicines in their  convective and spontaneous motion, multiplication, and destruct ion.  

It is for these reasons  that the new ideas f rom the theory of heat conduction - as outlined in the latest  
book by Lykov - a s s u m e  significant and fundamental importance for all related sciences and are  deserving 
of attentive study. 

F i rs t  of all,  we should note the significant updating of the mathematical  apparatus ,  as compared to the 
s tandard courses  in operational calculus.  

Of par t icu lar ly  outstanding significance for the solution of complex heat-conduction problems is the 
theorem relat ing to the asymptotic  expansion of an original,  which is found f rom the exact express ion for 
the t r ans form.  This Lykov theorem makes it always possible to find the principal  par t  of a temperature  
distr ibution when the effects of the initial conditions have died away. Thus the field of action can be found 
even if the tempera ture  of the medium or the heat flow is not an analytic function of time and has a finite 
number of discontinuit ies.  The importance of this new theorem becomes c lear  if we note that Po i s son ' s  
formula gives the asymptotic  expansions even for small  t imes,  when the effects of the initial distribution 
a re  still important  and when the input does not entirely govern the p roces s .  Jacobi ' s  theta-functions are  
used in a convincing demonstra t ion of the method. To prove the basic theorem and its consequences,  the 
author constructed an ext remely  compact  outline of the theory of analytical functions, developing his gene r -  
alization of the Heaviside theorem for the case  of multiple roots  of an image denominator .  

The text ci tes an inversion formula which does not require  calculation of the 1Viellin-Riemann con-  
tour  integral .  With this formula we can derive the original of the function f0") f rom its image F(s) by p a s s -  
ing to the limit on the real  straight  line {pp. 52, 506): 

*A text for students of heat-engineer ing sciences in higher educational institutions oftheUSSR, Vysshaya 
Shkola, 196 7. 
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Thus the solution of numerous heat-conduction problems is approached from another level, because the 
examination of the entire problem is possible while remaining at the real time axis, without turning to the 
complex plane of the operational argument. Lykov illustrates the capacity of this inversion formula with 
simple and convincing examples. 

New concepts have been developed by Lykov in studying the conduction transfer of heat. Since the 
internal energy gradient u or the enthalpy gradient i (J/cm 3) are proportional to the corresponding volume 
heat capacity c v or to Cp and to the temperature gradient, 

V u _ v i  _ V t ,  
C v Cp 

the h e a t  f low q can  be p r e s e n t e d  a s  the p r o d u c t  of the  c o r r e s p o n d i n g  t h e r m a l  d i f f u s i v i t y  a v o r  ap and the 
g r a d i e n t  of one of the func t ions  of s t a t e :  

q- = - -  a~v u = - -  apv io 

In th i s  m o d i f i c a t i o n  of the  F o u r i e r  l aw ,  the coe f f i c i en t  of the t h e r m a l  d i f fu s iv i t y  i s  the d i f fus ion  coe f f i c i en t  
fo r  the  i n t e r n a l  e n e r g y  o r  the  en tha lpy  a s  a func t ion  of the  e x t e r n a l  cond i t i ons  of the p r o c e s s .  The  c o n d u c -  
t ion  t r a n s f e r  of b e a t  t u r n s  e s s e n t i a l l y  into a d i f fus ion  p r o c e s s  and the a na logy  be tw e e n  the e q u a t i o n s  of hea t  
c o n d u c t i o n  and d i f fus ion  b e c o m e s  c l e a r  in t e r m s  of i t s  p h y s i c a l  con ten t .  T h e s e  equa t i ons  d e s c r i b e  the s h i f t -  
ing of e n e r g y  o r  m a t t e r  which  a r i s e s  a s  a r e s u l t  of the c o n c e n t r a t i o n  g r a d i e n t .  T h e y  e x p r e s s  the p r o c e s s  
of  l e v e l i n g  off the c o n c e n t r a t i o n s  of the func t ions  of s t a t e .  

The t i m e  of t h e r m a l  r e l a x a t i o n  f o r  m a t t e r  i s  i n t r o d u c e d  into the l i t e r a t u r e  fo r  the  f i r s t  t i m e .  F o r  
m a c r o s c o p i c  t h e o r y ,  the m e c h a n i c a l  a n a l o g i e s  a r e  m o r e  n a t u r a l  than  the r e s o r t  to the  k i n e t i c  B o l t z m a n n  
e q u a t i o n .  The  au tho r  l e a d s  the r e a d e r  to an e x a m i n a t i o n  of r e l a x a t i o n  p h e n o m e n a  t h rough  the ana logy  of 
the  s h e a r i n g  s t r e s s e s  of a r h e o l o g i c a l  m e d i u m .  It is  p r e c i s e l y  th i s  a p p r o a c h  which  is  a p p r o p r i a t e  in th i s  
c a s e  ; i t  i s  e a s i l y  a s s o c i a t e d  wi th  the  h y d r o d y n a m i c  t h e o r y  of h e a t  t r a n s f e r  tha t  had been  d e v e l o p e d  by R e y -  
n o l d s .  At  no t i m e  had  any r e l a t i o n s h i p  been  e x p r e s s e d  in the l i t e r a t u r e  be tw e e n  the r e l a x a t i o n  p h e n o m e n a  
and the k i n e m a t i c s  of a t e m p e r a t u r e  f i e ld ,  which  i s  b a s e d  on the c a l c u l a t i o n  of the  v e l o c i t y  of m o t i o n  for  an 
i s o t h e r m a l  s u r f a c e .  Th is  v e l o c i t y ,  equa l  to the p r o d u c t  of the l o g a r i t h m i c  d e r i v a t i v e  of  the e n e r g y  flux 
and  the t h e r m a l  d i f f u s i v i t y  ap,  h a s  n e v e r  b e f o r e  been  a s s o c i a t e d  wi th  the s p e e d  of sound .  Such an  e x a m i n a -  
t ion  i s  qui te  t i m e l y .  In d i l a t o m e t r i c  m e t h o d s  of d e t e r m i n i n g  the t h e r m o p h y s i c a l  p a r a m e t e r s  of t r a n s p o r t ,  
the  i s o t h e r m s  a r e  d e t e r m i n e d  e x p e r i m e n t a l l y .  

Th i s  s o l i d  m a t h e m a t i c a l  a p p a r a t u s  e n a b l e s  us  to dea l  wi th  the m o s t  c o m p l e x  p r o b l e m s  of hea t  c o n -  
duc t i on  a t  a v e r y  c o n t e m p o r a r y  l e v e l .  In con junc t ion  with  the c l a s s i c a l  m e t h o d  of  s e p a r a t i n g  v a r i a b l e s ,  
the a u t h o r  c o n s i d e r s  in r a t h e r  c o n s i d e r a b l e  d e t a i l  the n u m e r i c a l  m e t h o d s  of s o l u t i o n ,  a s  we l l  a s  i n t e g r a l  
t r a n s f o r m a t i o n s .  Lykov  d e m o n s t r a t e s  the  g e n e r a l  p r i n c i p l e  of  t h e i r  c o n s t r u c t i o n ,  the s e l e c t i o n  of the 
k e r n e l ,  and  the i n t e g r a t i o n  d o m a i n s .  In a d d i t i o n  to the L a p l a c e  t r a n s f o r m a t i o n ,  the  v a r i o u s  t r a n s f o r m s  of 
F o u r i e r  and Hanke l  a r e  shown ful ly  and m e a n i n g f u l l y .  The a p p r o p r i a t e  i n v e r s i o n  f o r m u l a s  and t a b l e s  of 
t r a n s f o r m s  a r e  p r e s e n t e d  f o r  t h e s e .  Of p a r t i c u l a r  m e t h o d o l o g i c a l  va lue  i s  the fac t  that  the book  c o m -  
p a r e s  the m e t h o d s  of so lu t i on .  The  s e p a r a t i o n  of v a r i a b l e s  is  c o m p a r e d  wi th  the L a p l a c e  and F o u r i e r  t r a n s -  
f o r m s  by  the m e t h o d  of s o u r c e s .  A l l  of t h e s e  s o l u t i o n s  a r e  b e a u t i f u l l y  n o m o g r a p h e d  and the g r a p h s  wi l l  
d o u b t l e s s l y  f ind t h e i r  way  into the h a n d b o o k s .  In p a r t i c u l a r ,  t h i s  has  been  done fo r  the  f i e ld s  in which  the 
t e m p e r a t u r e  of the m e d i u m  v a r i e s  l i n e a r l y ,  e x p o n e n t i a l l y ,  and h a r m o n i c a l l y .  F o r  t e m p e r a t u r e  w a v e s  w i t h -  
in a s e m i i n f i n i t e  body ,  s p h e r e ,  c y l i n d e r ,  and p l a t e  a l l  of the n e c e s s a r y  t a b l e s  of a m p l i t u d e  and p h a s e  v a l u e s  
a r e  g i v e n .  The r e l a t i o n s h i p  be tween  the a m p l i t u d e  of the s u r f a c e  t e m p e r a t u r e  and the Bio t  n u m b e r  i s  d e -  
m o n s t r a t e d ,  a s  is  the func t ion  r e l a t i n g  the  c o e f f i c i e n t  of h e a t  a c c u m u l a t i o n  and hea t  u t i l i z a t i o n  to the  P r e d -  
v o d i t e l e v  n u m b e r .  P r i o r  to the Lykov  book  t h e s e  qua n t i t i e s  had  not  been  d e s c r i b e d  in the l i t e r a t u r e .  

The t e m p e r a t u r e  f i e l d s  of  e x o t h e r m i c  bod i e s  in the c a s e  of v a r i a b l e  e x t e r n a l  e f f ec t s  has  been  
t r e a t e d  in the m o s t  g e n e r a l  f o r m  wi th  the D u h a m e l  i n t e g r a l .  The B 0 r e l  convo lu t ion  i s  u s e d  to dea l  wi th  
the f i e l d  of the s o u r c e ,  which  depends  in a g e n e r a l  way on the c o o r d i n a t e s  and t i m e .  The i s o l a t i o n  of the 
p r i n c i p a l  p a r t  of the  s o l u t i o n m a k e s  i t p o s s i b l e ,  in the c a s e  of a cons t an t  t e m p e r a t u r e  fo r  the m e d i u m ,  fo r  
the  h e a t  f low,  and fo r  a s t a b l e  i n t e r n a l  h e a t  s o u r c e ,  to g e n e r a l i z e  the r e g u l a r  r e g i m e  which  i s  c o m m o n  to a l l  
f i e l d s  of th i s  t ype .  

The m a i n  p a r t  of the book i s  devo ted  to an e x a m i n a t i o n  of the h e a t - c o n d u c t i o n  p r o c e s s e s  u n d e r  boun-  
d a r y  cond i t i ons  of the f i r s t ,  s e c o n d ,  and t h i r d  k i n d ,  i . e . ,  when  the t e m p e r a t u r e ,  i t s  g r a d i e n t ,  o r  the l i n e a r  
c o m b i n a t i o n  of t he se  a r e  s p e c i f i e d  a t  the  s u r f a c e  of a body.  In a d d i t i o n  to t h e s e ,  the t e m p e r a t u r e  f i e l d s  fo r  
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to ta l  contact  between two bodies a r e  s tudied s y s t e m a t i c a l l y  for  the f i r s t  t ime in the l i t e r a t u r e ;  he re  we a r e  
dea l ing  with an equal i ty  of t e m p e r a t u r e s  and heat  flows on a sur face  common to two med ia .  Accord ing  to 
the Lykov c l a s s i f i c a t i on ,  such contact  between t e m p e r a t u r e  f ie lds  is  a boundary condition of the fourth 
kind.  This  spec ia l  t r e a t m e n t  of a s ingu la r  boundary condit ion is needed because of i ts impor tance  in the 
solut ion of a l l  p r o b l e m s  re la t ing  to convection heat  t r a n s f e r .  It is  not only - or  more  exac t ly ,  not so much 
- the so l ids  which sa t i s fy  the boundary condition of the fourth kind (since between these  there  a r i s e s  the 
r e s i s t a n c e  of the contact  i t se l f ) ,  but r a t h e r  a sol id  and a l iquid or  a gas ,  given m o d e r a t e  and e leva ted  p r e s -  
s u r e s .  In r i g o r o u s  fo rmula t ion ,  a l l  p r o b l e m s  of convection t r a n s p o r t  of energy  and m a t t e r  a r e  s tated in 
t e r m s  of this  condit ion and al l  subsequent  development  of this  impor tan t  b ranch  of sc ience  is imposs ib l e  
without solut ion of p r o b l e m s  including the Lykov boundary condition.  The solut ion of the p r o b l e m  deal ing 
with the " t r ans f e r  of heat  between a body and the fluid flow s t r eaml in ing  that  body" is  an example  of p r e -  
c i s e ly  this  approach .  The de sc r ip t i on  "of the t e m p e r a t u r e  f ield with a change in the aggrega te  s t a t e , "  in 
which the Leibenzon solut ion is re f ined ,  as well  as the desc r ip t ion  of the p r o c e s s e s  "of heat  conduction 
with v a r i a b l e  t r a n s p o r t  coe f f i c i en t s , "  in which the methods of solving even nonl inear  solut ions  a r e  demon-  
s t r a t e d  with the g r e a t e s t  p o s s i b l e  thoroughness ,  a r e  a s s oc i a t e d  with this  main  purpose  of the book. 

The Lykov text is  r e m a r k a b l e  for  i ts  depth of pedagogica l  thought. It is r e ad  e a s i l y  and p l ea san t l y ,  
it is  convenient  for  independent work,  it l eads  the r e a d e r  through the l a bo r a t o r y  of the a u t h o r ' s  thoughts,  
into the range of contemporary7 sc ien t i f ic  p r o b l e m s ,  and each thoughtful student wil l  find in this  book not 
only methods  for  the solut ions  of p r o b l e m s ,  but a powerful  s t imulus  for  independent r e s e a r c h  and c r ea t i v i t y .  
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A. I. l~ekhovieh and V. M. Zhidkikh 

CALCULATIONS OF THE THERMAL 

Reviewed by Sh. N. 1 Jlyat 

R E G I M E  IN S O L I D S *  

The literature on the calculation of heat-transfer processes is currently quite extensive. However, we 

cannot help but take note of a significant gap - there is no book which contains even a summary of practical 
methods and theoretical graphs with which -without considerable expenditure of time -we can calculate 

nonsteady thermal processes. 

It is Precisely the fundamental purpose of this book to fill that gap, i.e., to provide engineers with a 
convenient and simple apparatus for the accomplishment of thermal calculations for solids. 

The book consists of two parts -a methodological part and a part containing theoretical graphs. 

The theoretical-graph part of the book contains materials which permit rapid determination of the 

temperature, the temperature gradient, and the enthalpy in bodies of varying geometric shape, given a 
variety of initial and boundary conditions, in the presence of internal (both instantaneous and continuous) 

and moving heat sources. 

For this purpose the book contains more than 200 theoretical graphs, covering 59 problems of a non- 

steady thermal regime in solids. There are graphs with which to determine the time for the onset of a 

regular regime. Moreover, additional data have been collected: simplified analytical functions, values for 

the coordinates and times of temperature and temperature-gradient peaks, etc. Each problem is accom- 
panied by an example of the calculation. This portion of the book is of great practical interest, since it 

not only facilitates the accomplishment of thermal calculations, but it makes it possible to analyze the pro- 
gress of the thermal process, to solve the inverse problems, etc. 

The value of this portion of the work increases considerably, if we treat it in conjunction with the 

methodological portion of the book. 

The sequence of problem solution is covered in the methodological portion of the book. Here it is 
shown how, on the basis of the physical essence of a phenomenon, to formulate a problem properly, and 

primarily how to designate the initial and boundary conditions. Here the concept of two types of heat sources 
is introduced - sources with a specified temperature and sources with a specified power. 

If the problem under consideration coincides in terms of singularity conditions with any of the 59 prob- 

lems for which the theoretical graphs have been plotted, one needs only make use of these graphs. How- 

ever, the basic content of the methodological section of the book involves the demonstration of how to solve 

a multiplicity of similar extremely complex problems with the existing solutions for simple problems. 

For this the principle of superposition is employed. The book provides a detailed and quite accessible 
demonstration of how a problem with complex initial and boundary conditions, and with thermophysical ma- 
terial characteristics variable in time can be broken down into the algebraic sum of simple problems whose 
solutions are known and for which, in addition, theoretical graphs have been plotted. As a result, the cai- 
culations are reduced to the simplest arithmetic operations. 

The practical purpose of the book did not prevent the authors from treating a number of theoretical 

problems relating to nonsteady heat conduction. Among these problems are included primarily the analysis 
of possible applications of the method of superposition to the solution of thermal problems. 

*Energiya, 1968. 
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In addition, it is our opinion that the idea of seeking a relationship between externally d iverse  phe-  
nomena which in actuali ty have much in common with each other  is par t icu la r ly  useful. As a resul t  we 
find the possibil i ty of a more  thorough exposition of the physical  essence  of the phenomena. Thus, for 
example,  we find indications of s imilar i ty  for the tempera ture  regime of a semibounded body for boundary 
conditions of the Ist  and IIIrd kinds, as well as for boundary conditions of the IInd kind, when there is a 
l aye r  of a thoroughly turbulent liquid on the surface of the body. The analytical relationship determined 
for these conditions substantially simplifies the accomplishment  of the calculations.  Also useful are  the 
relat ionships between the solutions of the problems and the exact,  l inear ,  and plane heat sources ;  in addi-  
tion, we have the relat ionships between the problems with internal sources  and the sources  situated at the 
body surface .  

It should be s t r e s sed  that the mater ia l  of the book can be applied not only to problems of heat p ropa -  
gation, but to all the phenomena which are  descr ibed by the Four ie r  equation, i .e. ,  the diffusion of mat te r ,  
etc.  

The combination of prac t ica l  calculation procedures  with the original theoret ical  analysis  of thermal  
p r o c e s s e s ,  the c lar i ty ,  and the a r rangement  of the mater ia l  make the Pekhovich and Zhidkikh book ex-  
t r emely  interest ing and useful for a wide range of scientis ts  and engineers .  
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